REALIZATION OF LEVEL ONE REPRESENTATIONS OF C/,(g) 
AT A ROOT OF UNITY 

VYJAYANTHI CHARI AND NAIHUAN JING 



Abstract. Using vertex operators, we construct explicitly Lusztig's Z[q, q~^]- 
lattice for the level one irreducible representations of quantum afiine algebras 
of ADE type. We then realize the level one irreducible modules at roots of 
unity and show that the g-dimension is still given by the Weyl-Kac character 
formula. As a consequence we also answer the corresponding question of re- 
alizing the afRne Kac-Moody Lie algebras of simply laced type at level one in 
finite characteristic. 



0. Introduction 



In |L^, LI I Lusztig proved that a quantum Kac-Moody algebra U defined over 



Q((7) admits an ^ = Z[(7, q^^] -lattice and that any irreducible highest weight 
integrable representation V oi \J admits a corresponding ^-lattice, say V/i. This 
allows us to specialize g to a non-zero complex number C and we let , VF^ denote 
the corresponding objects. If C is not a root of unity, Lusztig proved that 
is irreducible and its character is the same as that of the corresponding classical 
representation. On the other hand, when C is a primitive l*^ root of unity, the 
situation is more interesting, even for finite-dimensional Kac-Moody algebras. In 
that case, W,^ is not always irreducible: a sufficient condition for irreducibility 



APW I is that the highest weight A of should be "small" in the sense that (A, a) < 
I for all positive roots a. The corresponding question for infinite-dimensional Kac- 
Moody algebras at roots of unity is open, and in this paper we answer it in the 
case of level one representations of quantum affine algebras of ADE type. Note 
that the condition (A, a) < I never holds in this case; nevertheless, we find that 
is irreducible provided that / is coprime to the Coxeter number of the underlying 
finite-dimensional Lie algebra. 

The level one representations of an affine Lie algebra of ADE type can be ex- 
plicitly constr ucte d in the tensor product of a symmetric algebra and a twisted 
group algebra ||FK| , |s| . Essentially, these representations are built from the canoni- 



cal representation of an infinite-dimensional Heisenberg algebra. Later, in |FJ| this 
construction was extended to the case of the basic representations of the quantum 
affine algebras of ADE type. Again, the representations are built from the repre- 
sentation of a suitable quantum Heisenberg algebra. In this paper, we identify the 
natural lattice Va of the level one representation explicitly as the tenosr product 
of the lattice of Schur functions tensored with the obvious „4-lattice in the twisted 
group algebra (see also We also describe the action of the divided powers of 

the Chevalley (and Drinfeld) generators on an ^-basis of and this allows us to 
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realize the level one irreducible representations explicitly and prove that they 
are irreducible. 

Our methods also apply to the study of highest weight representations of afhne 
Lie algebras in characteristic p, and the corresponding results are also new in that 
situation. In particular we give an explicit realization of the Z-forni |Br| of the 
vertex representation of the affine Lie algebras. 



1. The ALGEBRAS U, U^. 

Throughout this paper g will denote a simply-laced, finite-dimensional complex 
simple Lie algebra and (aij)ijg/, / = {l,...,n}, will denote its Cartan matrix. 
Let {aij)i j^j, I — I Li {0}, be the extended Cartan matrix of g and let g be the 
corresponding afhne Lie algebra. Let R (resp. denote a set of roots (resp. 

positive roots) of g and let {i G /) be a set of simple roots. Let Q be the root 
lattice of g, P the weight lattice and let oji € P {i E I) be the fundamental weights 
of g. For uj G P, rj E Q, define an integer \u!\ ■ \ri\ by extending bilinearly the 
assignment \uji \ ■ \aj \ — Sij. Notice that \ai\ ■ \aj \ = aij. Let be the highest root 
of g. 

Let q be an indeterminate, let Q(g) be the field of rational functions in q with 
rational coefficients, and let A = Z[(7, q~^] be the ring of Laurent polynomials with 
integer coefficients. For r, m G N, m > r, define 

II 

\rn\^- M! = H[m-l]...[2][l], 



Then 



q-q 

e A for all m > r > 0. 



1 ' \ m — ' 



Proposition 1.1. There is a Hopf algebra U over Q((7) which is generated as 
an algebra by elements Fa^, K^^ (i € 1), D^^ with the following defining 

relations: 



KiK-^ = K-^Ki = 1, 
KiD = DK„ DD-^ = D-^D = 1 

K.E^^K-^ = q''^^E^^, 



q ^ oii J 



[Eoti , Fa- ] — 5v 



9- 



1 — 

E 

1 — aij 



{-ly 



r=0 



{EaiYEa- [Eai] 



{FajFaAFa^f 



= 



= 



The comultiplication of U is given on generators by 
A{Ki) = Ki (g) K„ A{D) = D®D, 



QUANTUM AFFINE ALGEBRAS AT ROOTS OF UNITY 



3 



for i ^ I. 



□ 



Let U"'" (resp. U ; U°) be the Q((7)-subalgebras of U generated by the 
(resp. Fa-; K^^ and D^^) for i ^ I. The following result is well-known, see |L3| 
for instance. 



Lemma 1.1. U = U (g) U'^ (g) U+ as Q{q)-vector spaces. 



□ 



It is convenient to use the following notation: 



Tpr 

H! ■ 



(r) 

The elements Fa/ are defined similarly. Let denote the ^-subalgebra of U 
generated by E^j} , F^} , K^^ {i e /) and The subalgebras are defined in 

the obvious way. 

For iG/, r>l,mGZ, define elements 



r 

D, m 
r 



n 

r 

n 



1 q—m-\-s—l 



q^ - q' 



— 1„ — m+s — 1 



Let be the yl-subalgebra of generated by Kf^, and [^;'"] , 



z G /, r > 1 and to S Z. The following is well-known (see [L3|) 



Lemma 1.2. We have TJa = U;^U^U+ 



We shall also need another realization of U, due to [Dr, H, Jl 



Theorem 1. There is an isomorphism of Q((7)-Hopf algebras from U to the algebra 
with generators xf^^ {i e I, r £ Z), Kf^ {i e /), hi^r {i e I, r e Z\{0}) and C='=\ 
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and the following defining relations: 



C are central, 
K,K-^ = K-^K, = 1, CC-^ = C'-^C = 1, 

DD-^ = D^^D = 1, DK, = KiD, 

r q — q ^ 

[hi,±r:xfj = ±^[ra^j]xf.,^^, r > 0, 

[hi^^r,xfj\ = ±-C''[raij]xf ,.j^^, r > 0, 



+ai,- ± + 



— 1 ' 

q-q 



for all sequences of integers ri, . . . ,rm, where m — 1 — aij, S^, is the symmetric 
group on m letters, and the ij^f^ are determined by equating powers of u in the 
formal power series 



Vt±.«^'- = Kf'exp ±{q -q-')J2 K±s 



r=0 



s=l 



□ 



Following [CP, Section 3], we define elements Pk,i and P^.i via the generating 
functions 



(1.1) n^H=E^>'=-p(-f:'^'"^'' 



fe>0 



fc=l ^ J 



= exp - ^ 



k=l 



(1.2) P±(.) = y: pt^' - -p ( E ) - ^-p ( E 



fe>0 



\k=l 



\k=l 



H^^k 
k 



where hi^k — Notice that these formulas are exactly those that relate the 

elementary symmetric functions (resp. complete symmetric functions) to the power 
sum symmetric functions |^ . For a vertex operator approach to this and to Schur 

functions, see 

The following result was proved in | CP , Section 5] . 

Lemma 1.3. For all i ^ I, k E Z, k > 0, we have 
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Let (resp. U^) be the „4-subalgebra generated by r, n e Z, r > 0, 



i ^ I, (resp. n G Z, ±n > 0) and U^. The foUowing resuh is proved in [ BCP 
Section 2]. 

Proposition 1.2. We have, 

Va = Va, u± c ij% □ 

FinaUy, let U(0) (resp. U^(0)) be the Q(g)-subalgebra of U (resp. the A- 
subalgebra of U^) generated by the elements /ii^„, i e /, n G Z (resp. P^j^, i € I, 
A: G Z, fc > 0), C^^. The subalgebras U^(0) and U^(0) are defined in the obvious 
way. 

Proposition 1.3. (i) The algebra U(0) is defined by the relations 

(ju „ (j-n 



for all i,j £ I and m,n E Z. In particular, U*(0) is commutative. 
(ii) For all i £ I , k > 0, we have 

1 



771—0 
771=0 



Jn particular, hi.k,P[\ ^ U^(0) anc? as Cl{q)-spaces we have 

U(0)-Q(g) 0^ U^(0), 

U±(0) = Q(g) 0^ U±(0). 

(iii) Monomials in P^^ (resp. P.^^)' i ^ I , n > Q, form a basis for U^(0). 

Proof. Part (i) is a consequence of the PBW theorem for U proved in ^ . Parts (ii) 
and (iii) follow from the definition of the elements P^^. (see [ BCPf| for details). □ 



2. The level one representations of U and \Ja 

We begin this section by recalling the natural irreducible representation of U(0) 
and we construct a natural U^(0)-lattice in this representation. We then recall 
the definition of the highest weight representations Vq{K) of U and the lattice 



Va{^) of U^, see [L3|. Finally, we recall the explicit construction of the level one 



representations given in |FJ| and state and prove the main theorem of the paper. 

Consider the left ideal I in U(0) generated by C^^ - q^'^ and U+(0). Then, 
U(0)/Z is a left U(0)-module through left multiplication. It is easy to see that as 
Q(g)-spaces, we have 

u-(o) ^ U(0)/X. 

Thus U~ (0) acquires the structure of a left U(0)-module, and we let tt : U(0) — > 
End(U^(0)) be this representation. Then, elements of U~(0) act by left multipli- 
cation and it is easy to see that for n > 0, i e /, 7r(/ii,„) is the derivation of U^(0) 
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obtained by extending the assignment, 

(h \h -A ["«»j]N 
n 

Proposition 2.1. (i) tt is an irreducible representation o/U(0). 

(ii) For i,j G /, we have, 

l,,,{u,v)TT{V+{u)).Vr{v)^r-{v), 
where the power series fij is defined by 
fi,j{u,v) = 1 if a,j = 0, 

= (1 — uv) if aij = —1, 

= {1 — quv)^^ {1 — q^^uv)~^ if aij — 2. 

(iii) 7r(u^(0))u;4(0)cu;4(0). 



Proof. Part (i) is well-known. For (ii), notice that the relations in Proposition 1.3 
imply that 

^{vt{u)).r;{v) 
= Ai(w,w)^7(w). 

The second equality above follows by using the Campbell-Hausdorff formula. The 
calculation of fi_j {u, v) is now straightforward. The other equations are proved 
similarly. Part (iii) follows immediately from (ii). □ 

By a weight, we mean a pair (/z, n) £ Z'^' x Z. If n = 0, we shall denote the pair 
{fi, 0) as II. A representation of U is said to be of type 1 if 

{p,n) 

where W^^,„ = {w £ W\Ki.w — q^^^w, D.w — q"-w}. If W^t,„ ^ 0, then W^,„ is 
called the weight space of W with weight {n, n) . Throughout this paper we will 
consider only type 1 representations. Writing 9 — X^ig/ diUi^ we define the level of 
(p., n) to be X^ie/ diiJ.i + ^o- 

For i ^ I, let be the /-tuple with one in the i*^ place and zero elsewhere. 
Given a weight A = ^^riiAi, Ui > 0, let Vq{A) be the irreducible highest weight 
U-modulc with highest weight A and let va be the highest weight vector. Thus, 
Vq{A) is generated by v\ with relations, 

Ea,.VA = 0, K,.VA^q"'VA, D.VA^VA, F^; + ^WA = 0, 
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for i e /. Clearly Vq{A) is of type 1. We say that Vij(A) has level one if A has level 
one. 
Set 

Va{A) = U^.^^A. 



By Lemma 1.2 we see that = XJa.va_. The following result is now an immediate 



consequence of Proposition 1.2 
Lemma 2.1. We have 



Va{A) = Va-va = tS_^.VA. 



□ 



The following result is due to Lusztig |L3|. 
Proposition 2.2. Va(A) is a \J A^suhmodule of Vq{A) such that 

Vg{A)^VA{A) ^AQ{q)- 

Further, 

Va{A) = ^Va{A) nVg{A)^,n, 

and 

dimA{VA{A) n Vg(A)p^„) ^ d«mQ(,)\/<,(A)^^„. □ 

We turn now to the realization of the level one representations of U. In fact 
we shall restrict ourselves to constructing the basic representation of g, i.e. the 
representation corresponding to Aq. The construction of the other level one repre- 
sentations is identical except that one adjoins va- to the twisted group algebra (see 

ii). 

Fix a bilinear map e : Q x Q ^ {il} such that for all i € I, a, (3,j ^ Q, we 
have, 

e(a,0) = e{0,a) = 1, 
e(a, /3)e(a + 7) = /? + iHP, l), 
e(a,/?)e(/3,a) = (-l)l"H/3|. 

Let Q(q)[(5] be the twisted group algebra over Q(q) of the weight lattice of g. Thus, 
Q(q)[(5] is the algebra generated by elements e^, i] £ Q, subject to the relation, 

e^.e"' = e(7?,?7')e''+'''. 

Set 

V, = U-(0)®Q(q)[Q]. 
Let zf : Vq — > Vq[z, be the Q(g)-linear map defined by extending 

e") = (w0e'')zl"l-l"'l, veV-{0), rjeQ. 
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Define operators ^j^„ on Vq by means of the following generating series: 
Ki^) - n{V-{qz)MV^{z-'))e-'^^z-^^ 



nez 



The following result was proved in |FJ]. 

Theorem 2. The assignment xf^ ^fn' ^i,n ~^ ''^(hi.n) ® 1 defines a represen- 
tation of U on Vq. In fact as U-modules we have 

Vq{Ka) - Vq. 

Further, for alH G /, m G U^(0), rj E Q, we have 

K,(u (g) e") = gl^l-l^-lu ® e", C{u ® e") = u ® e". 

The highest weight vector in ^^(Ao) maps to 1 ® 1 under this isomorphism. □ 

Let Va be the image of K4(Ao) under this isomorphism. Clearly Va is a U^- 
submodule of Vq{Ao) and Vq(Ao) = Q((j) ®a ^A- 
Set 

/: = u;4(o)®^[Q], 

whe re A[Q] is the ^-span in Q{q)[Q] of the elements e''. It follows from Proposition 
L3|that 

Vq = Q{q) ®A C. 
We now state our main result. 
Theorem 3. The lattice C is preserved by U_4, and 

C^Va 

as U^-modules. 



Remark. The case g — sl2 was studied in |J2|. In that paper, the author worked 
over A = ZiIq^ , q~^] and proved that the corresponding lattice C was preserved by 
and gave the action of the divided powers of the Drinfeld generators on the 
Schur functions. 

The rest of the section is devoted to proving Theorem ||. 

We begin with the following two lemmas which are easily deduced from the 



definition of Xf{z) and Proposition 2.1 



Lemma 2.2. Let i £ I , rj E Q and m — \'q\.\ai\. Then, 
<_,„.l(l®e'') = eK,r7)®e"•+^ 
^r™-i(l®e'') = e(-a„?7)®e-"-+''. □ 
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Lemma 2.3. Let r,l gZ, r,l>0, and let i,ji,j2 ■ ■ ■ ji € /. We have, 

=e-nc'^''''-'"'' n ihA{Qzu)-\z,))-' n kiAM-',^,) 

fe=l l<fe<s<r l<fe<r,l<s<J 

l<k<s<r l<fc<r,l<.s<; 

X 'P-iz,)Vr{z2) ■ ■■V^{zr)V-{w,)V-{w2)) ■ ■■V-{wi) ® e™•+^ 

tz;/iere e = e(raj,r]) Hfe^l e(«i)fcQ:j). □ 

Let &r be the symmetric group on r letters and for a € &r, let l{a) be the 
length of a. 

Lemma 2.4. We have, 

(TGSr fe<5 k<S 

Proof. Observe that the left-hand side of the equation is an antisymmetric poly- 
nomial in zi , Z2 , • • • , Zr and hence is divisible by the right hand side. Hence, by 
comparing degrees, we can write, 

o-eSr k<s k<s 

But it is easy to see that the coefBcient of z'[~^Z2~'^ ■ ■ ■ Zr-i on the left hand side is 

thus proving the proposition. □ 

Lemma 2.5. (i) Let 6 = {61,62, ■ ■ ■ , 6r) & Z'^ be the r-tuple (r— 1, r— 2, ■ • • ,1,0). 
We have. 



j<k \ n peer 



where the sum is over {6 + t{6) : r € &r} and a^^ = (—1)'^'^^, if jj, = 6 + t{6). 
(ii) Let TZ be a commutative ring and let G G TZ\\z^^ , z^^ , ■ ■ ■ ,2^"'^]] be invari- 
ant under the action of the symmetric group &r- Then, for all n G Z, the 
coefficient of {ziZ2 ■ ■ ■ Zr)^ in Ylj<^k(^j " Zk^G is divisible by r\. 

Proof. Since, 



j{{z,-zk)= j2i-^y^^^^i^'. 

j<k o-eSr 



(2) °.^(r) 

2 ■ ■ ■ Zr , 
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we get 



j<k 



which becomes the formula in (i) on putting p — ar. Part (ii) follows trivially. □ 
Proof of Theorem^. Using Lemma |2.3| and Lemma 2.4, we get 
J2 ^+(^.(i))X+(^.(2)) • • {Pi,{w,)V-^iw2) ■ --V-iwi) ® e") 



k<s l<k<r,l<s<l 



X (n"(--i)n"(^2) • ■■Ki^r)r^M)'PnM ■ --^JM)) ® 6™'+", (*) 

where the constant e is defined in Lemma p.3| . 

Set F = Y\i,^i{zk — ziY and let G be the right hand side of (*) divided by F. 
Then Lemma |2.5| applies, and by collecting the coefficient of (ziZ2 • • • z^)"""^ on 
both sides of (*), we find that 

for all /ii, /i2, • • • , fii E Z, rj E Q, OT equivalently that 

(x+J^^C c C. 



One proves similarly that (z^ „)'-'^-' preserves C In particular, by Proposition L2 C 
is preserved by U^. To complete the proof of the theorem we must prove that 



Since 1 1 £ V^, it follows from Lemma 2.2 and a simple induction that G Va 
for all ?7 G Q. Next, from Theorem ||, we see that for j G /, fc > 0, 

i3-(i^e'') = /^-,®e''. 



Since by Proposition 1.3, the monomials in the P^j^^s span U_^(0), we see that 
£ C Va- The reverse inclusion Va C £ is now clear, for 

Va = U^(l ® 1) C £ 



since 1 (g) 1 G £. 



□ 



3. Specialization to a root of unity 

Throughout this section, we let N denote the Coxeter number of g. It is well- 
known Pq] that A'' = n+1 (resp. 2n — 2, 12, 18, 30) if g is of type An (resp. D„, Eq, 
E-j, Eg,). Let C 6 C* denote a primitive l*^ root of unity, where / is a non-negative 
integer coprime to N. Set n — \I\. Finally, for any g G ^ we let G C* be the 
element obtained by setting q ~ C- 
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Lemma 3.1. Let [A] denote the n x n-matrix with coefficients in A whose {i,j)-th 
entry is [fly]. Then, 

det[A] = [n + 1], if Q is of type An, 

= [2](g"-i+g"-i), if Q IS of type Dn, 

= {q^ + q'^ - i)iq^ + q'^ + i), «/0 of type e^, 

= [2](g« + g-«-l), if Q IS of type Et, 

= q^ + q^ + q-^' + q-^ - q^ - I - q-^ if g is of type Eg. 

Further for all k > 0, we have 

{det[A])^k = det[A](-k ^ 0. 

Proof. The calculation of the determinant is straightforward. If g is of type An, 
then it is easy to see that for all A: > 0, 

either C'' = 1, or ^ 1- 

This proves the second statement of the Lemma for g of type A„. The other 
cases are proved by a similar analysis: in the hardest case Eg one checks that 
q^ + q^ + q^^ + q^^ - q^ - 1 - divides - \ in A. The result follows. □ 

Let be the one-dimensional ^-module defined by sending g — > C- Let Uij be 
the algebra over C defined by, 

= ®A Cc- 

The subalgebras and U^(0) of are defined in the obvious way and we have 

Uc = u^-ul?u+ 

Given an element u G U^, we denote by u the element 1 in U^. It follows from 
Proposition 2.1 that we have a representation tt,^ : 11,^(0) End(U^(0)). 

Proposition 3.1. (i) For all i ^ I, k ^ Z, k > there exist elements h^'^ € 
U^(0) such that 

[/i ' , hj ni\ ^k,—m^i,j^ 

(ii) TT^ lis an irreducible representation o/U^(0). 

Proof. For fc £ Z, fc > 0, we know by Lemma that the matrix [AL\Qk is invertible. 
Let hij (/c) denote the inverse of this matrix. 
For i G /, G Z, A: > 0, set 

h^''^ = ^hij{k)hj^k- 

Clearly h^''^ satisfies 



The second formula in (i) is now clear from Proposition 1.3. 
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To prove (ii), assume that is a submodule of (0) and let ^ i« G W. By 
Proposition |l.3|, we can choose i £ I, k E Z, k > 0, such that 



w 



r=0 



where w,, is a polynomial in the elements j i, 1 < I < k and P, 1 < I < k. 
Applying /i*''^' to w repeatedly we find that Wn G W. Repeating the argument we 
find that 1 e thus proving the Proposition. □ 

We now turn to the representations of U^;. Given A = X^ie/ '^i-'^ii ^ 0; set, 

W^iA) = VA{A) c^aCc- 

It follows from Proposition ^.2| that VF^ (A) is a representation of . Again, for 
V e V/l(A), we let v e Wi^{A) be the element w ® 1. Clearly U^.u = and 

Set (A)^_„ = (K4(A) n Vg(A)^_„) (g)^ C^. Then one knows from | 
^C(^) - W^c(A)M,n. dimcT4^c(A) = dimQ(,)y,(A), 



L21 that. 



and w e M^,j(A)^,„ iff 



D.f = C'v, 



K„0 
I 

I 



.V = ^l^v, 



where fii = fi[ + 1 fi',' , < /i^ < I, and n' and n" are defined similarly. 

Turning now to the level one basic representation, we see from Theorem ^ that 

W^c(Ao)-U-(0)®Cc[Q]. 

The main result of this section is: 

Theorem 4. W^{Ao) is irreducible. 

Proof. Set W = W^{Ao) and let 7^ T4^' be a submodule of W. Then W^' contains 
a non-zero vector w € such that 

U+.w = 0. 

It is clear from Theorem ^ that w must be of the form (E) for some w^, G (0) 
with 



By Proposition 3.1 we see that this forces = 1 and hence that 1 (g) e'' S W. 
Proposition 2.2 now shows that 1 (g) e"^ for all 1/ € Q and hence finally that W' = 
W. □ 
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